
Math 564: Advance Analysis 1
Lecture 3

last time we proved :

Claim (a) . If a cylinder is partitioned into glinders of fixed base-length,
then on this partition is finitely additive

.

finite
Claim (b)

. For any two partitious into cylinders Pal & of a depen
Let UEA

,
we have I

I -(P) = 2 (a)
. !liI

DaP QeQ

Proof
.

Let 2 be a common refinement of the palitions Pal & ,

i
.

e . each RER is a cylinder contained in a piece in O
out in a piece in & sit

. UR = 4
. Let n = base-length (R)

for all RER
,
and refine de further to a partition D

into cylinders of base length 1 . Ten

-

I(2)
P(P) 22Y(R) = I (R)

= 2 Z I (a)
.

PEP RER' ReR QeR RER' QeQ

RI P R= Q

Thiss shows that i well-defined on A and also ht p is finitely
additive .

Claim (c)
. Mp is automatically othly additive because no clopen st
At A can be partitioned into infinitely may other monempty
lopen ats .



+0
Proof

.

If A = WAm ,
A and the An dopen ,

then A is compact al

>AnnesN is an open never
,
here has a finite subsover

,

contradicting Whet An are disjoint and mecempty .

This chows At is a premeasure on olpen sets
.

Premeasure on box-algebra in IR"
.
It A be the algebra generated by

boxes in IRY
,
heave each At A is

a finite disjoint union of boxes
.

AcA
For an interval I

,

Ch(I) :
= right(1)-left (1)

,

which could be infinite
.

Define I on boxes by :

& (I , x In +

...

x Id) = = Ch(I , ) · Ch (In) :

.... 14(Ia) .

Extend his to A by x(A) : = ZY(Bu) ,
where As A

and (Buncre is a partition of A

into boxes. We reed to show A is well-defined and me do

so the same way , king grid-partitious instead of partitions
into same base-langth cyli-ders .

A grid-partition of a box B = I
, xI2 ...

* In is a finite partition
O into boxes of the following form: partition each In-K -

Fil and take

I IixI?
B P= 4 Ix Iex ...I : sa, n, ..,

nale N,
x Nex... Na

,
in
e

I' I
, I? I"

where we treat N = 40
,

1
,

.
.

, N-B ,
2

Prop ,
Let o be a fir. additive measure on an algebra A .

Ten it is:

(a) monodone : A = B => M(A) = M(B) Gr A
,

Be A
.

(b) atbly sup-addive : M1An) = M(Au) for
any pairwise

nE(IV

disjoint An e A with An A
.

() (
,

An) = I M(An) for all A, ...,Apc A .

nct

Proof
. (a) d(B) = M(AL(B(A)) = M(A) + M(B(A) < (A)

.

(b) MA-) An) = I (An (An)
.

n <N

(2) YinAr= Yet by An : = Ann /YanAi) ,
we will all this

disjointification .

The M(An) = (A) = En(A2)
zM(A)



Claim (a)
.

Y is additive on grid-partitions of a box
,
i
. e

.

for a box

and a grid-partion P of B
,

x(B) = 2 <(x)
.

PcP

Proof : Follows by induction on d
, using the distributivity law last ... an) · (bit ...+hmlija ibj .

Claim (b) . Let P o Q be finite partitious of a set AcA . Ten

IX(P) = Z I (A
.

PCP Q Q
Proof

.

The same as Go Claim (b) for dopens in 2"U HW .

his shows HA x is well-defined and finitely additive on A
.

To show otbl additivity ,
let's first record general properties of finitely additive

measures .

Prop ,
Let o be a fir. additive measure on an algebra A .

Ten it is:
(i) monodone : A = B => M(A) = M(B) for all A

,
Be A

.

(ii) atbly supaddive : M(An)=M(An) for all pairwise disjoint And A will
Ans A .

(iii) M(nrAn) = Er M(An) for all A
., ...,
Apc A .

Proof (i) -(B) = M(AL(B(A)) = M(A) + M(B>A < (A)
.

(ii) MA-) = IAn) = I (An (An)
.

n <N

(iii) WAr= Al
,
where Am : = AnWin Ai)

,
we call this disjointification .nck n<n

Den MInAn) = (A) = Z(A) = Z M (An)
.

↑ nck

by (a)



Claim (c)
.

I is otbly additive .

Proof
.

First let's

the Base intered aBe
Chence compact) of the Bu were open /mence form an open cover.

=We replace is by a closed box B'<B c .

t
.

x (BLB') <
-

We also replace ent Bu by an open box
Bu2 Bu sit

.
(B Baleari

Nor x (B) =
s,
x (B) a 2 x (Bn') = 2 x (Bn)

·42 me IN

Also B is rack of new is
as open over of 'so

it has a finite subnover Bain N
· Then

x(B) =

x
,
x(BY) -

x(VBi)
= 2 x(Bin) = Zar(B) EssentBr) .

↑by (i)
<N

Ti)
Thus

,
x(B) =

p

* (Br)+ E
,
hence x(B) = = x (BC)

,
so &is

hE(N

oth's sub-additive ,
and therefore otbly additive by Property (ii) above .

The general case of when B is a finite union of potentially unbounded
boxes reduces to the case we handled and is left as HW .

Having a premeasure on an algebra A
,
we would like he get

a measure on <A35 al this can always be done :

Caratheodory's extension theorem
. Every permeasure on an algebra A

admits an extension to a measure on <AT .

If i is refinite
,
then this extension is unique and still devote it.

To prove this
,

we need the following notion :



Def
.

Let A : O(X) be a collection containing & and covering X.

Let M : A ->C0
,
4] .

The outer measure induced by mis
the map M

: P(x) -> (0 ,
4] defined by

Ao Al
m
* (S) = = inf> ImIAn) : An3-car A , An = 3.S

As
neN

As

Ay As Al

Prop .

The outer is :

(a) mowstone : A = B => m
* (A) <

m
* (B) or all A

,
Be PIX)

.

b) ctbly subadditive : MK(B)= Em
* (Bal for all Bo

,
B
,...
eP()

.

(a+b) m
* (n) = m

* (B)
.

Proof
.

HW
.


